Abstract-The design of modulation schemes for the physical layer network-coded two way relaying scenario is considered with the protocol which employs two phases: Multiple access (MA) Phase and Broadcast (BC) Phase. It was observed by KoikeAkino et al. that adaptively changing the network coding map used at the relay according to the channel conditions greatly reduces the impact of multiple access interference which occurs at the relay during the MA Phase and all these network coding maps should satisfy a requirement called the exclusive law. We show that every network coding map that satisfies the exclusive law is representable by a Latin Square and conversely, and this relationship can be used to get the network coding maps satisfying the exclusive law. Using the structural properties of the Latin Squares for a given set of parameters, the problem of finding all the required maps is reduced to finding a small set of maps for M −PSK constellations. This is achieved using the notions of isotopic and transposed Latin Squares. Furthermore, the channel conditions for which the bit-wise XOR will perform well is analytically obtained which holds for all values of M (for M any power of 2). We illustrate these results for the case where both the end users use QPSK constellation.
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I. PRELIMINARIES AND BACKGROUND
We consider the two-way wireless relaying scenario shown in Fig.1 , where bi-directional data transfer takes place between the nodes A and B with the help of the relay R. It is assumed that all the three nodes operate in half-duplex mode, i.e., they cannot transmit and receive simultaneously in the same frequency band. The relaying protocol consists of the following two phases: the multiple access (MA) phase, during which A and B simultaneously transmit to R and the broadcast (BC) phase during which R transmits to A and B. Network coding is employed at R in such a way that A (B) can decode the message of B (A), given that A (B) knows its own message.
A. Background
The concept of physical layer network coding has attracted a lot of attention in recent times. The idea of physical layer network coding for the two way relay channel was first introduced in [1] , where the multiple access interference occurring at the relay was exploited so that the communication between the end nodes can be done using a two stage protocol. Information theoretic studies for the physical layer network coding scenario were reported in [2] , [3] . The design principles governing the choice of modulation schemes to be used at the nodes for uncoded transmission were studied in [4] . An extension for the case when the nodes use convolutional codes was done in [5] . A multi-level coding scheme for the two-way relaying scenario was proposed in [6] .
It was observed in [4] that for uncoded transmission, the network coding map used at the relay needs to be changed 
B. Signal Model
Multiple Access (MA) Phase: Let S denote the symmetric M -PSK constellation used at A and B, where M = 2 λ , λ being a positive integer. Assume that A (B) wants to transmit an λ-bit binary tuple to B (A). Let µ : F 2 λ → S denote the mapping from bits to complex symbols used at A and B. Let x A = µ(s A ), x B = µ(s B ) ∈ S denote the complex symbols transmitted by A and B respectively, where s A , s B ∈ F 2 λ . The received signal at R is given by,
where H A and H B are the fading coefficients associated with the A-R and B-R links respectively. The additive noise Z R is assumed to be CN (0, σ 2 ), where CN (0, σ 2 ) denotes the circularly symmetric complex Gaussian random variable with variance σ 2 . We assume a block fading scenario, with the ratio H B /H A denoted as z = γe jθ , where γ ∈ R + and −π ≤ θ < π, is referred as the fading state and for simplicity, also denoted by (γ, θ). Also, it is assumed that z is distributed according to a continuous probability distribution. Throughout the paper, all the distances are assumed to be normalized with respect to |H A |.
Let S R (γ, θ) denote the effective constellation at the relay during the MA Phase, i.e., 
From (1), it is clear that there exists values of γe jθ for which d min (γe jθ ) = 0. Let H = {γe jθ ∈ C|d min (γ, θ) = 0}. The elements of H are said to be the singular fade states.
Definition 1: A fade state γe jθ is said to be a singular fade state, if the cardinality of the signal set S R (γ, θ) is less than M 2 . For example, consider the case when symmetric 4-PSK signal set used at the nodes A and B, i.e., S = {(±1±j)/ √ 2}.
Alternatively, when γe jθ = (1 + j)/2, the constellation S R (γ, θ) has only 12 (<16) points. Hence γe jθ = (1 + j)/2 is a singular fade state for the case when 4-PSK signal set is used at A and B.
Let (x A ,x B ) ∈ S × S denote the Maximum Likelihood (ML) estimate of (x A , x B ) at R based on the received complex number Y R , i.e.,
Broadcast (BC) Phase: Depending on the value of γe jθ , R chooses a map M γ,θ : S × S → S , where S is the signal set (of size between M and M 2 ) used by R during BC phase. The elements in S × S which are mapped on to the same complex number in S by the map M γ,θ are said to form a cluster. Let {L 1 , L 2 , ..., L l } denote the set of all such clusters. The formation of clusters is called clustering, denoted by C. Note the fact that the clustering C is a function of γe jθ is not explicitly written.
The received signals at A and B during the BC phase are respectively given by,
where
∈ S is the complex number transmitted by R. The fading coefficients corresponding to the R-A and R-B links are denoted by H A and H B respectively and the additive noises Z A and Z B are CN (0, σ 2 ). In order to ensure that A (B) is able to decode B's (A's) message, the clustering C should satisfy the exclusive law [4] , i.e.,
, where x B = x B , x A ∈ S. which satisfy the conditions (
The minimum cluster distance of the clustering C is the minimum among all the cluster distances, i.e.,
The minimum cluster distance determines the performance during the MA phase of relaying. The performance during the BC phase is determined by the minimum distance of the signal set S . Throughout, we restrict ourselves to optimizing the performance during the MA phase. For values of γe jθ in the neighborhood of the singular fade states, the value of d min (γe jθ ) is greatly reduced, a phenomenon referred as distance shortening. To avoid distance shortening, for each singular fade state, a clustering needs to be chosen such that the minimum cluster distance at the singular fade state is nonzero and is also maximized.
A clustering C is said to remove a singular fade state
For a singular fade state h ∈ H, let C {h} denote a clustering which removes the singular fade state h (if there are multiple clusterings which remove the same singular fade state h, consider a clustering which maximizes the minimum cluster distance). Let C H = C {h} : h ∈ H denote the set of all such clusterings. For γe jθ / ∈ H, the clustering C is chosen to be C {h} , which satisfies d
In the case of BPSK, if channel condition is γ = 1 and θ = 0 the distance between the pairs (0, 1)(1, 0) is zero as in Fig.2(a) .The following clustering remove this singular fade state.
The minimum cluster distance is non zero in this clustering. In this way, the set of all values of γe jθ (the complex plane) is partitioned (quantized) into different regions, with a clustering which removes a singularity used in a particular region. Such a partition was obtained in [4] when the nodes A and B use QPSK signal set. The procedure suggested in [4] to obtain the channel quantization and the clusterings, was using a computer algorithm, which involved varying the fade state values over the entire complex plane, i.e., 0 ≤ γ < ∞, 0 ≤ θ < 2π in small discrete steps and finding the clustering for each value of channel realization. We obtain clusterings to remove singular fade states with the help of a mathematical structure called Latin Square. In [4] , the network coding map is obtained by considering the distance profiles. But in this paper, we are concentrating only on first minimum cluster distance and our aim is to make first minimum cluster distance non zero and to use a constellation with size as small as possible at the relay. For identifying the regions in the complex plane where these clusterings give good performance see [9] . It is assumed that the channel state information is not available at the transmitting nodes A and B during the MA phase. The clustering used by the relay is indicated to A and B by using overhead bits.
The contributions of the paper are as follows:
• It is shown that the requirement of satisfying the exclusive law is same as the clustering being represented by a Latin Square and can be used to get the clustering which removes singular fade states.
• Using the properties of the set of Latin Squares for a given set of parameters, the problem of finding the set of maps corresponding to all the singular fade states can be simplified to finding the same for only for a small subset of singular fade states. Specifically, it is shown that 1) For the set of singular fade states lying on a circle, from a Latin Square corresponding to one singular fade state, Latin Squares for the other singular fade states can be obtained by appropriate permutation of the columns of the first Latin Square. 2) There is a one-to-one correspondence between a Latin Square corresponding to a singular fade state on a circle of radius r and a Latin Square corresponding to a singular fade state on a circle of radius 1 r .
• It is shown that the bit-wise XOR mapping can remove the singular fade state (γ = 1, θ = 0) for any M -PSK, (i.e., for any value of M.) • For any M -PSK signal set, all the clusterings which can remove the singular fade states can be obtained with the aid of Latin Squares along with their isotopes. As an example, this is shown explicitly for QPSK signal set.
II. THE EXCLUSIVE LAW AND LATIN SQUARES
Definition 4: A Latin Square L of order M on the symbols from the set Z t = {0, 1, · · · , t − 1} is an M × M array, in which each cell contains one symbol and each symbol occurs at most once in each row and column [7] .
Let the nodes A and B use the same constellation of size M. Consider an M × M array at the relay with the rows (columns) indexed by the constellation point used by node A (B), i.e., symbols from the set {0,1,2, . . . ,M-1}. The relay is allowed to use any constellation with size t ≥ M (using t > M may lead to some advantages, see [4] ). Our aim is to cluster the M 2 slots in the M × M array such that the exclusive law is satisfied. To do so, we will fill in the slots in the array with the elements of set Z t in such a way that (4) is satisfied, and the clusters are obtained by taking all the row-column pairs (i, j), i, j ∈ 0, 1, · · · , M − 1, such that the entry in the (i, j)−th slot is the same symbol from Z t . The specific symbols from Z t are not important, but it is the set of clusters that are important. Now, it is easy to see that if the exclusive law need to be satisfied, then the clustering should be such that an element in a row and also in a column cannot be repeated in the same row and column. Thus all the relay clusterings which satisfy the exclusive law form Latin Squares. Hence, we have the following:
All the relay clusterings which satisfy the exclusive law form Latin Squares, when the end nodes use constellations of same size.
With this observation, the study of clustering which satisfies the exclusive law can be equivalently carried out as the study of Latin Squares with appropriate parameters.
A. Removing Singular fade states and Constrained Latin Squares
The relay can manage with constellations of size M in BC phase, but it is observed that in some cases relay may not be able to remove the singular fade states with t = M and results in severe performance degradation in the MA phase [4] . Let (k, l)(k , l ) be the pairs which give same point in the effective constellation S R at the relay for a singular fade state, where k, k , l, l ∈ {0, 1, ...., M − 1}. Let k, k be the constellation points used by node A and l, l be the constellation points used by node B. If they are not clustered together, the minimum cluster distance will be zero. To avoid this, those pairs should be in same cluster. This requirement is termed as singularityremoval constraint. So, we need to obtain Latin Squares which can remove singular fade states and with minimum value for t. Therefore, initially we will fill the slots in the M × M array such that for the slots corresponding to a singularityremoval constraint the same element will be used to fill slots. This removes that particular singular fade state. Such a partially filled Latin Square is called a Constrained Partial Latin Square. After this, to make this a Latin Square, we will try to fill the other slots of the partially filled, Constrained Partial Latin Square with minimum number of symbols from the set Z t .
Example 2: Consider the case where both A and B uses BPSK as shown in Fig. 2 , where the effect of noise is neglected. There are two singular fade states, one at (γ = 1, θ = 0) and the other at (γ = 1, θ = π). We try to eliminate the singular fade states one by one. First to remove (γ = 1, θ = 0), the symbol in 0 th row 1 st column (henceforth the slot (0,1)) and symbol in (1,0) should be same. Otherwise, the minimum cluster distance will be zero. We are using 1  1   TABLE I  PARTIALLY FILLED LATIN  SQUARE   0  1  1  0   TABLE II  COMPLETELY FILLED LATIN  SQUARE symbol 1 (choice of this symbol will not alter the clustering) for this and we will get the Constrained Partial Latin Square as in Table. I. This uniquely completes to the Latin Square in Table. II. Notice that this will remove the singular fade state (γ = 1, θ = π) also. This Latin Square corresponds to the bit-wise XOR mapping, but with higher order constellations the number of singular fade states increases and bit-wise XOR cannot remove (will be seen in the sequel) all the singular fade states.
The following lemma gives the location of the singular fade states in the complex plane when the users use M -PSK signal sets. Let the M −PSK points be e j(2k+1)π/M . For simplicity, by the point k we mean the point e j(2k+1)π/M . Lemma 1: Let (k, l) and (k , l ) be two pairs of M −PSK points used by the users, i.e., k, k are the constellation points used by node A and l, l are the constellation points used by node B. Then, the singular fade states for M −PSK signal set are given by
and
where k, k , l, l ∈ {0, 1, ...., M − 1} and k = k and l = l . Proof: The pair (k, l) and (k , l ) result in the same point in the effective constellation at the relay if the complex numbers e jπ(2k+1)/M + γe jθ e j(2l+1)π/M and e jπ(2k +1)/M + γe jθ e jπ(2l +1)/M are the same. Equating the magnitudes and the angles of these two complex numbers, we get the equations (5) and (6) .
Lemma 2: When the user nodes use 2 λ -PSK constellations, the singular fade state (γ = 1, θ = 0) is removed by bit-wise XOR mapping (denoted by ⊕), for all λ.
Proof: Substituting γ = 1 in (5), one gets
which leads to the following two cases:
Substituting θ = 0 in (6) leads to
Combining Case (i) above and (7) gives (k , l ) = (l, k), i.e., the singularity-removal constraint is of the form {(k, l)(l, k)}. In other words, the clustering should satisfy this symmetry. Combining Case (ii) above and (7) leads to k = l + 2
irrespective of k , l and k = l + 2 λ−1 irrespective of k, l. In other words, {(l + 2 λ−1 , l)}, l ∈ {0, 1, ...., 2 λ } is the set of singularity-removal constraints all these should be mapped to the same symbol.
From the above, one can conclude that a clustering which removes the singular fade state (γ = 1, θ = 0) should have (i) A symmetric Latin Square, meaning that the cells (k, l) and (l, k) should have the same symbol.
(ii) A Latin Square with the symbols in the cells {(l + 2 λ−1 , l)}, and l ∈ {0, 1, ...., 2 λ } being the same.
The Latin Square produced by bit-wise XOR mapping is clearly symmetric. Moreover, the quantity (l + 2 λ−1 ) ⊕ l is always equal to 2 λ−1 for all values of l, i.e., the symbols in all the cells of the set {(l + 2 λ−1 , l)}, l ∈ {0, 1, ...., 2 λ } are the same. Hence the XOR map removes the singular fade state (γ = 1, θ = 0). Definition 5: [8] Two Latin Squares L and L (using the same symbol set) are isotopic if there is a triple (f,g,h) , where f is a row permutation, g is a column permutation and h is a symbol permutation, such that applying these permutations on L gives L .
Lemma 3: Two Latin Squares L and L which remove the singular fade states (γ, θ) and (γ, θ ), respectively, (i.e., two singular fade states on the same circle), are Isotopic that are obtainable one from another by column permutation alone. If
M , L can be obtained by cyclic shifting of the columns of L, k times in the anticlockwise direction.
Proof: Let L and L , respectively remove the singular fade states (γ, θ) and (γ, θ ).
The effect of rotation in the z−plane by an angle θ − θ due to channel fade coefficients H A and H B can be viewed equivalently as a relative rotation of the constellation used by B by an angle θ − θ with respect to the constellation used by A and no relative rotation between the channel fade coefficients H A and H B . Let S and S be the resulting rotated constellations after rotation in the constellation of node B corresponding to an angle θ − θ.
Since there are M singular fade states for a specific γ, (shown in [9] ), and they are all spaced by same angular separation, θ − θ is an integer multiple of 2π/M which is the angular separation of the M -PSK constellation points. That is, a rotation in the channel by an angle θ − θ is equivalent to a rotation in the constellation points in the M -PSK constellation. So, we can obtain the Latin Square L by column permutations in L, since the columns are indexed by constellation points used by node B. This means, if we obtain the Latin Square for a singular fade state (γ, θ), then by appropriately shifting the columns we obtain the Latin Squares that remove all the other singular fade states of the form (γ, θ ). This completes the proof.
Lemma 4: If the Latin Square L removes the singular fade state (γ, θ), then the Latin Square L T will remove the singular fade state (
Proof: Let {(k 1 , l 1 )(k 2 , l 2 ) } be a singularity-removal constraint for the singular fade state (γ, θ). Then, from Lemma 1,
Taking transpose in the constraint we will obtain {(l 1 , k 1 )(l 2 , k 2 }. Let this constraint correspond to the singular fade state (γ , θ ). Then,
This completes the proof. We remove singular fade states one by one. Consider first, the case (γ = 1, θ = 0). The singularity-removal constraints for this case are {(0, 1)(1, 0)}; {(0, 2)(1, 3)(2, 0)(3, 1)}; {(0, 3)(3, 0)}; {(1, 2)(2, 1)}; {(2, 3)(3, 2)}.
From Lemma 2, it can be seen that bit-wise XOR mapping (shown in Table. III) removes this singular fade state. The singularity-removal constraints for (γ = 1, θ = π) are {(0, 3)(1, 2)}; {(0, 0)(1, 1)(2, 2)(3, 3)}; {(0, 1)(3, 2)}; 
The advantage with the one shown in Table III is that it removes singular fade state at (γ = 1, θ = π) as well. The reason why this happens is as follows. From Lemma 3, the Latin Square which removes singular fade state at (γ = 1, θ = π) can be obtained from L 1 by two cyclic shifts of the columns of L 1 in the anti-clockwise direction and the resulting clustering is the same as that of L 1 . This is illustrated in Fig 5. From Lemma 3, the Latin Square L 2 which removes the singular fade state (γ = 1, θ = π/2) can be obtained by the cyclic shifting of the columns of L 1 once in the anti-clockwise direction (as shown in Fig.6 ). Since L 1 removes the singular fade states γ = 1, θ = 0 and γ = 1, θ = π, L 2 removes the singular fade states γ = 1, θ = π/2 and γ = 1, θ = −π/2. Now we have removed four singular fade states till now all of them on the unit circle. Consider next, (γ = 1/ √ 2, θ = π/4). The singularity-removal constraints are {(0, 1)(1, 3)}; {(0, 2)(3, 0)}; {(1, 2)(2, 0)}; {(2, 3)(3, 1)}.
The corresponding partially filled Latin Square is shown in Table V , cannot be completed with t=4. Both the Latin Squares L 3 and L 4 (given in Table VI and Table VII ) which have t = 5 remove this singular fade state. In other words, the relay has 
to use a constellation of size five during the BC phase for this case.
From Lemma 3, the Latin Squares which remove the rest of the singular fade states which lie on the circle with radius 1/ √ 2 (shown in Table VIII, Table IX and Table X ) are obtained by the appropriate column permutation of L 3 . If L 4 is chosen instead of L 3 to remove (γ = 1/ √ 2, θ = π/4), the Latin Squares which remove the other singular fade states which lie on the circle with radius 1/ √ 2 will change and all such Latin Squares are given explicitly in [10] .
By Lemma 4, the Latin Square L 8 , L 9 , L 10 and L 11 which remove the singular fade states which lie on the circle with radius √ 2 (shown in Table XI, Table XII, Table XIII and  Table XIV ) are obtained by taking the transpose of L 3 , L 6 , L 5 and L 7 respectively. The clusterings corresponding to L 3 and L 9 , are the same (since L 3 and L 9 are isotopes with only the symbols permuted) and hence it is enough if we consider one of the two. Similarly, the clusterings corresponding to the pairs (L 5 , L 11 ), (L 6 , L 10 ), and (L 7 , L 8 ) are the same and it is enough if we consider one from each pair.
To sum up, the Latin Squares L 1 , L 2 remove the singular fade states on the unit circle. The Latin squares L 3 , L 5 , L 6 and L 7 , remove the other singular fade states which do not lie on the unit circle. Note that the set of Latin Squares states is not unique. The other possible sets of Latin Squares which completely remove the singular fade states are explicitly given in [10] .
IV. DISCUSSION
In this paper, for the design of modulation schemes for the physical layer network-coded two way relaying scenario with the protocol which employs two phases: Multiple access (MA) Phase and Broadcast (BC) phase, we identified a relation between the required exclusive laws satisfying clusterings and Latin Squares. This relation is used to get all the maps to be used at the relay efficiently. Further we illustrated the results presented for the case, where both the end nodes use QPSK constellation. Here we concentrated only on singular fade states and the clusterings to remove that with only the minimum cluster distance under consideration. We are not considering the entire distance profile as done in [4] . Our work eliminate the singular fade states effectively and these clusterings can be used in other regions in the complex plane of (γ, θ), as shown in [9] .
